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1 Local Models, Trust Regions, and Vanilla Policy Gradient

1.1 Trust-Region Viewpoint
Suppose the objective is
J(0).
Directly solving
0* = arg max J(0)

is generally difficult because J may be highly nonlinear and only accessible through interaction
with the environment.

Trust-region optimization instead proceeds locally. At the current parameters 0,4, we construct a
simpler surrogate model of the objective using local information available at 6,4.

Define the candidate displacement

Af =0 — 044, 0 = 0,q + AB.

A local model
me1d(A0) = J(Oo1a + AD)

is expected to be accurate near Af = 0, but there is no reason to trust the approximation arbitrarily
far from the expansion point.

We therefore optimize the surrogate only inside a neighborhood around the current parame-
ters:

Af :argniaex Moia(AG)

subject to size(Af) < 4.

The constraint defines the trust region: the region in which the local surrogate is trusted as an
approximation to the true objective.

The particular choice of size(A#) determines the geometry of the trust region.

1.2 Euclidean Trust-Region Model

From the previous report, the policy objective is
J(0) = Esgrpo [0 (S0)]
with policy gradient

VQJ(Q) =E S¢~d™0:P0 [VQ log W@(At | St) Aﬂ-e (St, At)] .
Ag~mg(+|St)

At 0,1q, define
Goid = VoJ(0)]g—g,,, -

The first-order Taylor expansion is

J(Oora + A0) = J(061a) + gra A0 + o([| A8 2).



Dropping the higher-order term gives the first-order surrogate

Mold(A0) = J(Oo1a) + goTldAH-

Since J(0o1q) is constant with respect to Af, maximizing the surrogate is equivalent to maximiz-
ing
-
goldAe'

Using the Euclidean norm to define the trust region gives

—
AG* = arg max REYAL)

1
subject to §A9TA9 < 4.

For go1q # 0, the optimum lies on the boundary,

%AQ*TAG* = 4.

1.3 Lagrangian Solution

Define 1
L(A0, 1) = gl — 7 <2A9TA9 - 5) ., n>0.

Taking the total differential,
dL = d(ghqA0) — d [n @A@TAQ — 5)]
— T d(AG) — <;A9TA9 _ 5) dn— 2d(207 )
= glqd(A0) — (;AGTAG — 5) dn
— 7 [a(a0)T a0 + A0Td(a0)]
- (ggd - nAOT) d(AB) + (5 - ;AQTA9> dn,

where
d(AD)TAD = AOTd(A),

since both sides are scalars.
Comparing with

oL

dL = VagLTd(AG) + = dn,

on

gives

VoL = golda — nAY, oL _ §— }AHTAH.
on 2



Setting both equal to zero,

1 1
AO* = = gows —A*TAG = 6.
n 2

Therefore,
I+
Tnggoldgold =0,
and hence
T
* _ 9o1q9o0ld
g 2%
Substituting back,
20
AQ* = —————ola = \/% Jold )
9o1qYold ||gold ||2
Thus,
Gold
l| golal|2

is the normalized Euclidean steepest-ascent direction, while

Jold

is the corresponding unnormalized direction.

1.4 Vanilla Policy-Gradient Update

Rather than fixing the Euclidean trust-region radius explicitly, ordinary gradient ascent controls
the step magnitude with a learning rate a > 0:

A0 = agolq.

Therefore,

’ 9new = eold + agold- ‘

Using the sample policy-gradient estimate

Jold = Et |:V9 IOgWQ(At ‘ St)‘é:@ A}GAE(%A)}

old ’

the practical vanilla policy-gradient update is

’ Onew = eold + a/g\old- ‘




1.5 Why Euclidean Geometry Is Insufficient

The trust-region idea itself is not the problem. The questionable choice is the Euclidean mea-
sure

LT
§A9 Af.

It controls how far the parameters move, but the object being optimized is the policy distribu-
tion
o (- | ).

Equal Euclidean parameter displacements can induce very different changes in the corresponding
action distributions. Therefore, Euclidean parameter distance does not provide a reliable measure
of how much the policy itself has changed.

Natural policy gradient keeps the same local-model and trust-region viewpoint, but replaces Eu-
clidean parameter-space geometry with a geometry defined directly by changes in the policy distri-
bution.

2 Policy-Space Geometry and the KL Constraint

2.1 KL-Constrained Policy Update
At the current parameters 0,4, consider

0 = 0,4 + AD.

Define the average KL divergence

DxL (mo1a||mg) := Egegroaro [DxL (mowa (- | S)||ma(- | S))] -

For a fixed state S,

moa(A | S
D, (oaa- | 8)[mo(- 1 9)) = Epmais) [log “(‘)] .

(A |S)

The policy-space trust-region problem is

AQ* = arg max J(Oo1a + AB)

subject to  Dkr, (Mol 7o,y +00) < 8

2.2 First-Order Approximation of the Objective
Using the first-order model already derived,
J(Oota + A8) & J(0o1a) + gaaAF.

Since J(fo1q) is constant,

~ T
AO* =~ arg max JIREYAX

subject to DKL (7T01dH7T901d+A9) <4




2.3 Second-Order Approximation of the KL Constraint
For compactness, define B B
Dk (0) := DkL (mo1d || 7o) -

Expanding around 6,4,

D1, (0o1a + A0) ~ Dy, (6o1d)
———
Oth-order term

+ VQDKL<0) ‘—g=9old A6

1st-order term

1 —
+ iAOT VgDKL(H)‘Gzeold Al

2nd-order term

Oth-order term. At the expansion point, 6 = 0,4, so the candidate policy my becomes the old
policy moiq- Therefore,

Dx1.(01a) = Dk, (o1l mo1a)
=Eg_ 0040 [DKL (To1a (- | S)||Imora(- | 5))]
= ESNdﬂeold’pO (0]
=0.

Hence, the zeroth-order term in the Taylor expansion is

Dk1,(001a) = 0.

1st-order term. The gradient of the average KL divergence at the expansion point is

VODKL(H)‘QZQOM = VGDKL (Wold||79)|9:901d

= VoEg_oqav0 [DKL (Tota (- | S)Ima(- | S))]|py.
= Eg. a0 | VoDt (moia(- | )lmo(- | )l

I Wold(A | S)
= E oy ’ E 1 (Al Q)
S~d" %o1a’P0 -VQ Ar~mora (-]5) |:Og 7T9(A | S) 0=001a

= Byt [Bimals) | Vo (08 moia(A | S) = log mo(4 | $))lzy,,|]

old

= ESNdweold’pO EA~7701d(-|S) Vg 1Og7T01d(A ’ S) - VQ logm(A ’ S)|9:9
L 0

= —Eg gm0 0 [EAwrold(-lS) [W log g (A | 5>|0:901d” :
By the zero-mean score-function identity,
E pnrmoa(-19) [VG log mp(A | 5)\9:901(1} = 0.
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Therefore, -
VQDKL(Q)‘gzgold = _Eswd"%ld”’o [O]

=0.

Hence,

V@DKL(Q) |9:901d =0

Consequently, the complete first-order Taylor term vanishes:

VoDxL, (9)T‘9 , Ag=o.
=Yold

The zero-mean score identity also has a maximum-likelihood interpretation. For each fixed state
S,
EAnrmoa(1s) logmo(A | S)]

is the population expected log-likelihood under actions generated by mgq. It is maximized when
the candidate distribution matches the data-generating distribution, which occurs at 8§ = 6,4.
Therefore, its gradient at 6,14 is zero.

2nd-order term. The Hessian of the average KL divergence at the expansion point is
ngKL(H)}QZQDId = ngKL (7Told||7T9)‘9:901d
= V3B oo [Dxe. (oua - | S)llma(- | )]y,

= Eg_ g | V3DKL (Roal- | )l7o(- | $))locy,,, |

Tota(A | S)} ]
0=0,14

2
=By gm0 | VoEArmga(15) [k)g To(A[S)
= Eswdweoldﬂpo _EAN%M(.‘S) [VZ (log 71'old(A ‘ S) — log 7T9(A ’ S))‘gzgoldﬂ

) ‘9:901(1

= ESNdﬂgold’po EANﬂ.Old(.‘S) Vg logﬂold(A ‘ S) - V?) logﬂg(A ’ S
0

= —ESNdTrgold’PO [Vg IOg W@(A | S>}92001di| :
A~mora(-|S)

By the Fisher information identity,

— B g00a"0 [Vg log g (A | S)}9=Gold]
A’Vﬂ-old('ls)
= Eg_im001a70 {vf) log mp(A | S)|9:901d Vo logmy(A | S) |—9|—:901d:| '
ANﬂ'old("*g)

Therefore, define the Fisher information matrix at the old policy as

Fold = VgDKL(Q) ‘0:001d

= Eg._roqqm | Vologmo(A| S)lgg,, Vologma(A | S)sg
A~moia (¢]S)

old | ”




Substituting the Oth, 1st, and 2nd order terms into the Taylor expansion gives the following.

_ _ _ T 1 _
Dxr, (mowa[|g,44+20) = Dkr(fowa) + VoDkr(0)],_, A +-A0T ViDkL(0)],_,  AO
N J o 2 old
0 0 Fola

1
= §A0TF01dA9.

Hence, the second-order local approximation of the average KL divergence is

AT F g A6,

N

Dy, (o1l mo,04+00) ~

2.4 Local Natural Policy-Gradient Problem

The problem we would like to solve is

0" = arg max J(0).

U construct a local trust region in policy-distribution space

AG* = arg max J(Oo1a + AB)

subject to Dy, (7ToldH7r901d+A9) <d

~U first-order model of J and second-order model of Dxr,

Af* = arg max J(0o1d) + gag A0

1
subject to §A9TF01dA9 <.

l} J(0o1q) is constant with respect to Af

Af* = arg max G A0

1
subject to §A9TF01dA9 <.

This local problem has the same structure as the Euclidean trust-region problem of Section 1. The
matrix defining the local trust-region geometry changes from the identity matrix to the Fisher
information matrix:

I — Foq.




3 Solving the Natural Policy-Gradient Problem

3.1 Lagrangian Solution

For go1q # 0, the constraint is active:

%AQ*TFoldAQ* = 4.

Define )
L(A0,7) = glad — 7 <2A9TF0MA6 — 5) ) n>0.

Taking the total differential,
dl = d(gh A0) — d [n (;AQTF(MA@ — 5)]
= goldd(AG) - <2A0 Fola A — 6) dn — §d (AG FoldA9>
= goad(A0) — (;A@TFOMAG — 5) dn
- g [d(Ae)TpoldAe + AGTFOIdd(AQ)]
1

= (Q;d - nMTFold) d(Af) + (5 - QAHTFoldA6> dn,

where F OTld = Foq.

Comparing with

oL

dL = VL Td(AB) + == dn,
on
gives
VaoL = goia — nFoa A,
and or )
i 5 — §A«9TF01dA6.

Setting both equal to zero,
Jold — NFo1aA0* = 0,

SO

1.
AG* = EFoldlgold.

Hence,

~ L 71
gold := F 139014

is the unnormalized natural policy-gradient direction.

Substituting into the active constraint,
[
2772901dF01d Jold = 9,
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which gives

-1
7t = JoraFold ol
26 '

26
AO* = [ —————F 1gold-
g;lidFolégold old -7

This is the normalized natural policy-gradient step.

Therefore,

3.2 Natural Policy-Gradient Updates

With an arbitrary learning rate o > 0,

gnew = Hold + aFo_ldlgold-

Using sample estimates,

~ 1~
Onew = Bola + aFold Jold-

If the KL trust-region radius directly determines the step magnitude,

26 ~_ 1~
Onew = Oola + WFoldlgOId'
V' 9orat o1d Gold

4 Practical Computation of the NPG Update

Consider a fixed rollout batch generated by mgq:

Bog = {Si, A;, E?"‘d}B

i=1

The empirical policy-gradient estimate is

B

~ 1 am

Jod = 5 > Vologmo(A; | 8i)lg—g,,, A7
=1

The empirical average KL divergence is
Dra(0) = 53 Dt (roal | S)lmoC- | 5)).
1=

Its Hessian at the old policy defines the empirical Fisher matrix:

Foa = V3DKL(9)‘

0=001a
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4.1 Damped Natural-Gradient Direction

The empirical Fisher matrix may be singular or poorly conditioned. Define

~ ~

Fold = Fold + Adampla )\damp > 0.

Rather than explicitly computing ﬁof(}, solve

Fo1a® = Gold-

The solution _
z = F}1Gold

is the damped natural-gradient direction.

4.2 Fisher-Vector Products and Conjugate Gradient

Constructing ﬁold explicitly is impractical for a neural-network policy. Conjugate gradient avoids
this by requiring only products of the form Fyqv.

The Fisher-vector product is

Fuav = Vo | (VoDra(®) o

0=0,14

Therefore, the damped matrix-vector product used by conjugate gradient is

Foldv = FoldU + )\dampv'

After K conjugate-gradient iterations,

~ P12
ri = F 1 901d-

No Fisher matrix is constructed or inverted explicitly.

4.3 Choosing the Step Length
For fixed-learning-rate NPG, the update is

Onew = Oola + .

For KL-normalized NPG, write
AfONpa = asTi.

The original quadratic KL. model is

1 -
iAOF\I—PGFoldAQNPG <é.

11



Placing the proposed step on its boundary gives

1 ~
2, T
ia(ixKFolde = 0.

Therefore,
20
as = —~ .
T Folark
The normalized NPG update is consequently
20
Ohew = Oold + || —=—7TK-
T Foark

Here, damping regularizes the direction computation, while the final scaling uses ﬁold because ﬁold
defines the original quadratic KL model.

4.4 Practical NPG Algorithm

The following algorithm computes the KL-normalized NPG update on a fixed old-policy rollout
batch.

Algorithm 1 KL-Normalized Natural Policy-Gradient Update
Require: Fixed rollout batch Bgq

Require: Old parameters 6,4

Require: KL radius ¢

Require: Damping coefficient Agamp

Require: Number of conjugate-gradient iterations K
Compute the empirical policy gradient goiq

Define FVP(v) « ﬁoldv

Define DampedFVP(v) <= FVP(v) + Agampv

xx < CONJUGATEGRADIENT(DampedFVP, go1q, K)
qi + 75 FVP(z k)

20

aK

T enew < 901d + asTK

8 return Opey

6: g <

The conjugate-gradient solve produces

~ -1
T ~ (Fold + )\dampI) Yold,
while
ax = v Foark

is computed using one additional undamped Fisher-vector product.

For fixed-learning-rate NPG, the trust-region scaling steps are omitted and the final update is
simply

Onew = Oola + .
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