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1 Deterministic Policy Gradient Theorem

1.1 Problem Formulation

Consider the discounted Markov decision process

M = (S,A, p, r, γ), S ⊆ Rn, A ⊆ Rm, γ ∈ [0, 1),

where p(s′ | s, a) is the environment dynamics and r(s, a) is the expected one-step reward.

Let
µθ : S → A, θ ∈ Rd′ ,

be a differentiable deterministic policy. The state-action process induced by µθ is

S0 ∼ ρ, At = µθ(St), St+1 ∼ p(· | St, At), (1)

where ρ is the initial-state density.

Assume the required value-function derivatives exist and are bounded/integrable so that differen-
tiation, integration, and infinite summation may be interchanged.

Since µθ(s) is vector-valued, its derivative with respect to θ is technically a Jacobian. Following
the deterministic policy-gradient notation, we write

∇θµθ(s) ∈ Rd′×m, dµθ(s) = ∇θµθ(s)
Tdθ.

The performance objective is

J(θ) := ES0∼ρ [V
µθ(S0)] =

∫
s∈S

ρ(s)V µθ(s) ds. (2)

For a deterministic policy,
V µθ(s) = Qµθ (s, µθ(s)) .

1.2 Gradient of the State-Value Function

Fix s ∈ S, and define
q(θ, a) := Qµθ(s, a).

Then

dq(θ, a) = Dθq(θ, a)[dθ] +Daq(θ, a)[da]

= ∇θq(θ, a)
Tdθ +∇aq(θ, a)

Tda. (3)

For
a = µθ(s), da = ∇θµθ(s)

Tdθ,

Equation (3) gives

dV µθ(s) = ∇θQ
µθ(s, a)T

∣∣
a=µθ(s)

dθ

+ ∇aQ
µθ(s, a)T

∣∣
a=µθ(s)

∇θµθ(s)
Tdθ

=
[
∇θQ

µθ(s, a)|a=µθ(s)
+∇θµθ(s) ∇aQ

µθ(s, a)|a=µθ(s)

]T
dθ. (4)
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Since
dV µθ(s) = ∇θV

µθ(s)Tdθ,

∇θV
µθ(s) = ∇θµθ(s) ∇aQ

µθ(s, a)|a=µθ(s)
+ ∇θQ

µθ(s, a)|a=µθ(s)
. (5)

Here,
∇θQ

µθ(s, a)|a=µθ(s)

denotes differentiation with respect to θ while holding a fixed, followed by evaluation at a =
µθ(s).

Define
ϕθ(s) := ∇θµθ(s) ∇aQ

µθ(s, a)|a=µθ(s)
. (6)

The dimensions are
∇θµθ(s)︸ ︷︷ ︸

d′×m

∇aQ
µθ(s, a)|a=µθ(s)︸ ︷︷ ︸

m×1

= ϕθ(s)︸ ︷︷ ︸
d′×1

.

Thus,
∇θV

µθ(s) = ϕθ(s) + ∇θQ
µθ(s, a)|a=µθ(s)

. (7)

1.3 Recursive Form of the Value Gradient

The Bellman equation is

Qµθ(s, a) = r(s, a) + γ

∫
s′∈S

p(s′ | s, a)V µθ(s′) ds′.

For fixed s and a, r(s, a) and p(s′ | s, a) are properties of the MDP and do not depend on θ.
Hence,

∇θQ
µθ(s, a) = ∇θ

[
r(s, a) + γ

∫
s′∈S

p(s′ | s, a)V µθ(s′) ds′
]

= γ

∫
s′∈S

p(s′ | s, a)∇θV
µθ(s′) ds′, (8)

where the derivative and integral are exchanged by the Leibniz integral rule.

Evaluating at a = µθ(s) and substituting into Equation (7),

∇θV
µθ(s) = ϕθ(s) + ∇θQ

µθ(s, a)|a=µθ(s)

= ϕθ(s) + γ

∫
s′∈S

p(s′ | s, µθ(s))∇θV
µθ(s′) ds′. (9)

Thus,

∇θV
µθ(s) = ϕθ(s) + γ

∫
s′∈S

p(s′ | s, µθ(s))∇θV
µθ(s′) ds′. (10)
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1.4 Policy-Induced Transition Densities

For t ≥ 1, let
p(s → s′, t, µθ)

denote the density of reaching s′ after t transitions, starting from s, while following µθ.

The one-step, two-step, and general t-step transition densities are

p(s → s′, 1, µθ) = p(s′ | s, µθ(s)), (11)

p(s → s′, 2, µθ) =

∫
s̄∈S

p(s → s̄, 1, µθ)p(s̄ → s′, 1, µθ) ds̄, (12)

p(s → s′, t+ 1, µθ) =

∫
s̄∈S

p(s → s̄, t, µθ)p(s̄ → s′, 1, µθ) ds̄. (13)

Equivalently,

p(s → s′, t, µθ) = pµθ

(
St = s′ | S0 = s

)
. (14)

For t = 0,
p(s → s′, 0, µθ) = δ(s′ − s).

Equation (9) may therefore be written as

∇θV
µθ(s) = ϕθ(s) + γ

∫
s′∈S

p(s → s′, 1, µθ)∇θV
µθ(s′) ds′. (15)

1.5 Unrolling the Recursion

Iterating Equation (15),

∇θV
µθ(s) = ϕθ(s) + γ

∫
s′∈S

p(s → s′, 1, µθ)∇θV
µθ(s′) ds′

= ϕθ(s) + γ

∫
s′∈S

p(s → s′, 1, µθ)

[
ϕθ(s

′) + γ

∫
s′′∈S

p(s′ → s′′, 1, µθ)∇θV
µθ(s′′) ds′′

]
ds′

= ϕθ(s) + γ

∫
s′∈S

p(s → s′, 1, µθ)ϕθ(s
′) ds′

+ γ2
∫
s′∈S

∫
s′′∈S

p(s → s′, 1, µθ)p(s
′ → s′′, 1, µθ)∇θV

µθ(s′′) ds′′ ds′

= ϕθ(s) + γ

∫
s′∈S

p(s → s′, 1, µθ)ϕθ(s
′) ds′

+ γ2
∫
s′′∈S

p(s → s′′, 2, µθ)∇θV
µθ(s′′) ds′′

= ϕθ(s) + γ

∫
s′∈S

p(s → s′, 1, µθ)ϕθ(s
′) ds′

+ γ2
∫
s′′∈S

p(s → s′′, 2, µθ)ϕθ(s
′′) ds′′

+ γ3
∫
s′′′∈S

p(s → s′′′, 3, µθ)∇θV
µθ(s′′′) ds′′′

... (16)
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After N + 1 steps,

∇θV
µθ(s) =

∫
s′∈S

N∑
t=0

γtp(s → s′, t, µθ)ϕθ(s
′) ds′

+ γN+1

∫
s′∈S

p(s → s′, N + 1, µθ)∇θV
µθ(s′) ds′. (17)

If ∇θV
µθ is bounded, the remainder satisfies∥∥∥∥γN+1

∫
s′∈S

p(s → s′, N + 1, µθ)∇θV
µθ(s′) ds′

∥∥∥∥ ≤ γN+1 sup
s′∈S

∥∥∇θV
µθ(s′)

∥∥ −→ 0,

since γ < 1. Taking N → ∞,

∇θV
µθ(s) =

∫
s′∈S

∞∑
t=0

γtp(s → s′, t, µθ)ϕθ(s
′) ds′. (18)

The reduction from the double integral to p(s → s′′, 2, µθ) uses Fubini’s theorem to exchange the
order of integration.

Using
p(s → s′, t, µθ) = pµθ

(
St = s′ | S0 = s

)
,

we obtain

∇θV
µθ(s) =

∞∑
t=0

γt
∫
s′∈S

pµθ

(
St = s′ | S0 = s

)
ϕθ(s

′) ds′. (19)

Thus, ∇θV
µθ(s) is the discounted sum of the local contributions ϕθ over states reachable from s

under µθ.

1.6 Gradient of the Performance Objective

For S0 ∼ ρ, define the state density at time t by

pµθ,ρ(St = s) :=

∫
s0∈S

ρ(s0)pµθ
(St = s | S0 = s0) ds0. (20)

Then, using Equation (19),

∇θJ(θ) = ∇θ

∫
s0∈S

ρ(s0)V
µθ(s0) ds0

=

∫
s0∈S

ρ(s0)∇θV
µθ(s0) ds0

=

∫
s0∈S

ρ(s0)

∞∑
t=0

γt
∫
s∈S

pµθ
(St = s | S0 = s0)ϕθ(s) ds ds0

=

∫
s∈S

∞∑
t=0

γt
[∫

s0∈S
ρ(s0)pµθ

(St = s | S0 = s0) ds0

]
ϕθ(s) ds

=

∫
s∈S

∞∑
t=0

γtpµθ,ρ(St = s)ϕθ(s) ds. (21)
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The first derivative-integral interchange uses the Leibniz integral rule; the reordering of the state
integrations uses Fubini’s theorem.

Define the normalized discounted state-visitation density

dµθ,ρ(s) := (1− γ)
∞∑
t=0

γtpµθ,ρ(St = s). (22)

Therefore,

∇θJ(θ) =
1

1− γ

∫
s∈S

dµθ,ρ(s)ϕθ(s) ds

=
1

1− γ

∫
s∈S

dµθ,ρ(s)∇θµθ(s) ∇aQ
µθ(s, a)|a=µθ(s)

ds

=
1

1− γ
ES∼dµθ,ρ

[
∇θµθ(S) ∇aQ

µθ(S, a)|a=µθ(S)

]
. (23)

Hence,

∇θJ(θ) =
1

1− γ
ES∼dµθ,ρ

[
∇θµθ(S) ∇aQ

µθ(S, a)|a=µθ(S)

]
. (24)

2 Actor Objective from the Performance-Difference Identity

Let
µold := µθold

denote the current deterministic policy, and let

µθ

denote a candidate deterministic policy.

2.1 Deterministic Performance-Difference Identity

Recall the stochastic performance-difference identity

J(θ)− J(θold) =
1

1− γ
ES∼dπθ,ρ

[
EA∼πθ(·|S) [A

πold(S,A)]
]
. (25)

For deterministic policies,

πθ(a | s) = δ(a− µθ(s)) , πold(a | s) = δ(a− µold(s)) .

Therefore,

J(θ)− J(θold) =
1

1− γ
ES∼dµθ,ρ

[∫
a∈A

δ(a− µθ(S))A
µold(S, a) da

]
=

1

1− γ
ES∼dµθ,ρ [Aµold (S, µθ(S))] . (26)

Thus,

J(θ)− J(θold) =
1

1− γ
ES∼dµθ,ρ [Aµold (S, µθ(S))] . (27)
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2.2 Local Actor Surrogate Objective

Construct the local surrogate by freezing the discounted state-visitation distribution at the current
policy:

J̃(θ; θold) :=
1

1− γ
ES∼dµold,ρ [Aµold (S, µθ(S))]

=
1

1− γ
ES∼dµold,ρ [Qµold (S, µθ(S))− V µold(S)]

=
1

1− γ
ES∼dµold,ρ [Qµold (S, µθ(S))]

− 1

1− γ
ES∼dµold,ρ [V µold(S)] . (28)

Since the final term is independent of θ,

argmax
θ

J̃(θ; θold) = argmax
θ

1

1− γ
ES∼dµold,ρ [Qµold (S, µθ(S))] . (29)

Define the local actor surrogate objective

Jactor(θ; θold) :=
1

1− γ
ES∼dµold,ρ [Qµold (S, µθ(S))] . (30)

2.3 Gradient of the Local Actor Surrogate

With
dµold,ρ and Qµold

fixed with respect to θ,

∇θJactor(θ; θold) =
1

1− γ
ES∼dµold,ρ [∇θQ

µold (S, µθ(S))]

=
1

1− γ
ES∼dµold,ρ

[
∇θµθ(S) ∇aQ

µold(S, a)|a=µθ(S)

]
. (31)

At
θ = θold,

∇θJactor(θ; θold)|θ=θold
=

1

1− γ
ES∼dµold,ρ

[
∇θµθ(S)|θ=θold

∇aQ
µold(S, a)|a=µold(S)

]
= ∇θJ(θ)|θ=θold

, (32)

where the final equality follows from the deterministic policy gradient theorem.

Hence,

∇θJactor(θ; θold)|θ=θold
= ∇θJ(θ)|θ=θold

. (33)

Therefore, Jactor(θ; θold) is a local actor surrogate rather than the true performance objective, but
it is first-order exact at the current policy.
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3 From the DPG Theorem to a Practical Actor Update

The deterministic policy gradient theorem requires the true state-action value function

Qµθ(s, a),

which is generally unknown in a model-free problem. Introduce a differentiable function approxi-
mator

q̂(s, a, w) ≈ Qµθ(s, a),

where w denotes the state-action value-function parameters.

Given states
Si ∼ dµθ,ρ, i = 1, . . . , B,

define the finite-sample actor surrogate

Ĵactor(θ;w) :=
1

(1− γ)B

B∑
i=1

q̂ (Si, µθ(Si), w) . (34)

During the actor update, the sampled states Si and the state-action value-function parameters w
are held fixed. Therefore,

∇θĴactor(θ;w) =
1

(1− γ)B

B∑
i=1

∇θµθ(Si) ∇aq̂(Si, a, w)|a=µθ(Si)
. (35)

The factor 1/(1 − γ) is constant with respect to θ and therefore only rescales the gradient. In
implementation, it is usually omitted. Define the implementation actor objective

Ĵ impl
actor(θ;w) :=

1

B

B∑
i=1

q̂ (Si, µθ(Si), w) . (36)

Thus,
Ĵ impl
actor(θ;w) = (1− γ)Ĵactor(θ;w), (37)

and consequently

∇θĴ
impl
actor(θ;w) =

1

B

B∑
i=1

∇θµθ(Si) ∇aq̂(Si, a, w)|a=µθ(Si)
. (38)

3.1 Automatic Differentiation

For each sampled state, the computational graph is

θ −→ µθ(Si) −→ q̂ (Si, µθ(Si), w) .

With w fixed during the actor update, backpropagation through this graph automatically com-
putes

∇θµθ(Si) ∇aq̂(Si, a, w)|a=µθ(Si)
.

Hence, the policy Jacobian and action-value gradient do not need to be formed and multiplied ex-
plicitly; automatic differentiation produces the deterministic policy-gradient update directly.

8



4 From DPG to Deep Deterministic Policy Gradient

The deterministic policy gradient theorem specifies how to update the policy once a differentiable
approximation

q̂(s, a, w) ≈ Qµθ(s, a)

is available. It does not specify how this approximation should be learned.

A complete model-free algorithm must therefore learn the state-action value function from envi-
ronment transitions

(St, At, Rt+1, St+1).

A second issue is exploration. Since
At = µθ(St)

is deterministic, the policy itself does not generate exploratory actions. An exploratory behaviour
policy is therefore used during data collection, for example

At = µθ(St) + εt. (39)

Deep Deterministic Policy Gradient combines these ingredients with

deterministic actor: µθ(s),

state-action value approximator: q̂(s, a, w),

exploratory behaviour policy,

experience replay,

target networks.

(40)

The resulting actor–critic algorithm, including the learning rule for q̂(s, a, w), off-policy replay-
buffer training, and target-network updates, is developed in the following DDPG report.
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