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1 Deterministic Policy Gradient Theorem

1.1 Problem Formulation
Consider the discounted Markov decision process
M= (S, A, p,r7), S CR", ACR™, v €[0,1),
where p(s’ | s,a) is the environment dynamics and 7(s, a) is the expected one-step reward.

Let
,u,g:S—)A, GERd/,

be a differentiable deterministic policy. The state-action process induced by ug is
So ~ p, At = pp(St), Str1 ~p(- | S, At), (1)
where p is the initial-state density.

Assume the required value-function derivatives exist and are bounded/integrable so that differen-
tiation, integration, and infinite summation may be interchanged.

Since pg(s) is vector-valued, its derivative with respect to € is technically a Jacobian. Following
the deterministic policy-gradient notation, we write

Vouo(s) € RY™ dug(s) = Vopug(s)Tdo.
The performance objective is

30) i= By V(1)) = | _pls)V" () . @)

seES

For a deterministic policy,

VHO(s) = Q" (s, p(s)) -
1.2 Gradient of the State-Value Function
Fix s € §, and define

q(0,a) = Q" (s,a).
Then
dq(6,a) = Dyq(0, a)|db] + Daq(0, a)|da]

= Vpq(0,a)"d0 + Vaq(6, a)" da. (3)

For
a = pp(s), da = Voug(s)T db,
Equation gives
dVHe(s) = VeQ" (s,a)” | do

a=11q(s)
+ anug (S’ (Z)T}a:m)(s) v@ﬂ@(s)Td'g

T
= [ V0@ (5,0) s ) + Tor10(5) Ta @ (5,0)] ocp)] 0. (4)



Since
dVHe (s) = VeVHo(s)Tde,

o T VoM (s,a)| oy (s) - (5)

VgV (s) = Voug(s) VaQ" (s, a)l

a=pg(

Here,
VoQ" (8, 0)| 4 iy (s)
denotes differentiation with respect to 6 while holding a fixed, followed by evaluation at a =
119(s)-
Define

¢o(s) = Vope(s) VaQ" (s, a)l0zp(s) - (6)

The dimensions are
VGMH(S) VGQPLB (87 a’)‘a:ltg(s) = QZ)Q(S) °
N—— ——

d'xm mx1 d'x1

Thus,
VGVMS(S) = (bg(S) + V@ng (87 a’)|a:ug(s) : (7)
1.3 Recursive Form of the Value Gradient

The Bellman equation is

Q"o (s,a) = r(s,a) + 7 / Vs dl
s'e

For fixed s and a, r(s,a) and p(s’ | s,a) are properties of the MDP and do not depend on 6.
Hence,

Q" (s,a) = Vg [ms,a) Ty / p(s' | 5, a)VP(s') ds
s'eS

= ’y/ Sp(s/ | 5,a)VoVH(s")ds, (8)
s'e

where the derivative and integral are exchanged by the Leibniz integral rule.

Evaluating at a = i9(s) and substituting into Equation (7)),

VoVH(s) = ¢o(s) + VQ" (s, a)|

a=pg(s)
= bo(s) +7 / P | s ) VoV () (9)
s'e
Thus,
VoVHo(s) = dols) + 7 / P | s ) VoV () (10)
s'e




1.4 Policy-Induced Transition Densities

Fort > 1, let
p(S — S,,t,,ug)

denote the density of reaching s’ after ¢ transitions, starting from s, while following .

The one-step, two-step, and general t-step transition densities are

p(S — S,, 1,,&9) = p(Sl | S,/.L@(S)),

p(S — 8/727M0) = / Sp(s — 5, 17“9)p(§ — 8,7 1}”9) ds,
se

pls > ot 4+ 1) = | Pl = St pi(s = o L) d.
se

Equivalently,

p(s = s t, 1) = pp, (St =355y = s) .

For t =0,
p(s = 8',0,p9) = 6(s" — 5).

Equation @]) may therefore be written as

VoVH(s) = ¢g(s) + ry/ p(s — s LMG)VQ‘/M(S/) ds'.
s'eS

1.5 Unrolling the Recursion

Iterating Equation ,

VeV (s) = do(s) + 4 / p(s = &', 1, ug)VoVHo(s') ds’
s'eS

—n(s) +7 |

s'eS "eS

= ¢p(s) + ’y/ p(s — 8,1, ug)pe(s’) ds'

s'eS

4y / / p(s = &, 1 pg)p(s’ — s, 1, j1g) Vg Vo (s") ds” d’
s'eS Js'"eS

— 9(s) + 7 / s = L))
s'e
£ [ pls o "2 ) TV (") ds”
s"eS
— du(s) + 7 / s = L))
s’'e
+ 72 / p(S — SH? 27 M9)¢9(3”) dSH
s"eS

+ 73/ p(s — s".3,19)VoVHe (s") ds"
S///GS

p(s = ', 1, g) [¢e(8’) + 7/ p(s' — s, 1, 11g) VoV (s") ds" | ds’

(16)



After N + 1 steps,

VoV (s / Z’yps—w t, o) o (s") ds

€S 1—o

+ 'yNH/ Sp(s — 8", N +1,u9)VoVH (s') ds'. (17)
s'e

If VyV#é is bounded, the remainder satisfies

’yNJrl/ p(s — ', N +1,ug)VoVH0(s') ds
s'eS

< AN sup VoVt (s)|| — 0
s'esS
since v < 1. Taking N — oo,

VoVHo(s / ny p(s — st 1ug)pe(s’) ds (18)

'eS 1—o
The reduction from the double integral to p(s — s”,2, ug) uses Fubini’s theorem to exchange the
order of integration.
Using
p(s = &'t 1g) =pu, (St =5 So=5s),

we obtain

VoVhi (s 27/ Puo (S = 5| So = ) duls') ds', (19)

Thus, VgV*#é(s) is the discounted sum of the local contributions ¢y over states reachable from s
under py.

1.6 Gradient of the Performance Objective
For Sy ~ p, define the state density at time ¢ by

Pug.p(St = 8) i= / SP(SO)pua (St = 5| So = s0) dso. (20)
ENIS

Then, using Equation ,

VoJ(0) = V@/ p(s0)VH(so)dso
S0ES

= / p(So)VgV‘ue (So) dSO
SOES

S Zv/ Puo (St = 5 | So = s0) do(s) ds dso
SOES s€

/s Z’yt {/8068 p(50)Puy (St = s | So = so) dso| do(s)ds

€58 1=0

= / Z 7tpug,p = 3)¢0(3) ds. (21)

€8 1=0

8



The first derivative-integral interchange uses the Leibniz integral rule; the reordering of the state
integrations uses Fubini’s theorem.

Define the normalized discounted state-visitation density

d"0P(s) = (1 =) Y 7' Pug.p(Se = 5)- (22)
t=0
Therefore,
Vod(0) = —— [ d@mor(s)gy(s) ds
1- Y Jses
1
— 1,p 110
1 _ ~y Sesd (S)VQ/'L@(S) VGQ (Sa a)|a=u9(s) ds
1 ’
= 1— ,YESNd“G’p [VGNH(S) VaQ" (S, a)|a:ue(5)} : (23)
Hence,
Vol (0) = 7= Esearos [Vorto(5) Tu@ (5.0) omyy (5 (24)

2 Actor Objective from the Performance-Difference Identity

Let
,uold = 1u‘901d
denote the current deterministic policy, and let

Ho

denote a candidate deterministic policy.

2.1 Deterministic Performance-Difference Identity

Recall the stochastic performance-difference identity

1
J(O) = J(Oo1a) = 17— ,YEsw"e’P [Earry(ls) [A™ (S, A)]] - (25)
For deterministic policies,
mo(a] s) = 6(a—po(s)),  moala | s) =8(a— poa(s)).
Therefore,
1
J(G) — J(901d) = Eg~qgro-» |:/ (S(CL — ,U,Q(S)) AMOld(S, a) da
1—7 acA
1
= 1= Esearor [49 (S, po(S))] (26)
Thus,
1
J(0) — J(Oo1a) = 1 7IESNdu@,p [AFeld (S 1g(S))] . (27)




2.2 Local Actor Surrogate Objective

Construct the local surrogate by freezing the discounted state-visitation distribution at the current

policy:

~ 1
J(0;001q) = T

1
=7= /y]ESNdl»‘oldﬁp [QH1 (S, pug(S)) — VHe1d(9)]
1
1 ,}/ESNd“old:P [QHo14 (S, pg(S))]
1
1—

Egqrola-r [AMOM (Sa Ko (S) )}

PY]ESNd“old*p [V”Old (S)] .

Since the final term is independent of 6,

arg max j(@; Oo1q) = arg max
0 o 1—n

Define the local actor surrogate objective

1
1—7

Jactor(e; eold) = ESNduold"’ [Qﬂold (S, MQ(S))] .

2.3 Gradient of the Local Actor Surrogate

With
d,uolchp and Q,U'old

fixed with respect to 6,

1

L=y
1

VGJactor(e; Hold) = ESNd“old’p [VGQ“OM (57 :U’G(S))]

= Eg~qdrola-r [VHNQ(S) Vo QHed (57 a)’a:,ug(S) :

1—x

At
0 = Oo1a,

1
ve:]actor(g; 901d)|9:901d = 1 . f}/

= Vo (0)lg—0,, -

where the final equality follows from the deterministic policy gradient theorem.

Hence,

Vo Jactor (0; eold)‘gzgold = VOJ(Q)’(a:eold :

Eg~gtoasr [QMOld (S, NG(S))] :

Esaross | Voro(S)lo—, Va@"*(S.0)] o yua(s)|

(28)

(30)

(31)

(32)

(33)

Therefore, Jactor(0;001q) is a local actor surrogate rather than the true performance objective, but

it is first-order exact at the current policy.



3 From the DPG Theorem to a Practical Actor Update

The deterministic policy gradient theorem requires the true state-action value function

Q" (s, a),

which is generally unknown in a model-free problem. Introduce a differentiable function approxi-
mator

[i(s.a,w) ~ Q" (5,0),

where w denotes the state-action value-function parameters.

Given states
S,‘Ndue’p, 1=1,...,B,

define the finite-sample actor surrogate

B
Jactor(9 w) 1 _ Z SZ) ,Ue ) . (34)

During the actor update, the sampled states S; and the state-action value-function parameters w
are held fixed. Therefore,

VHJactor(e ’U) Z VH,UJQ aQ(Sia a, w) |a:ﬂ9 (Si) - (35)

The factor 1/(1 — 7) is constant with respect to 6 and therefore only rescales the gradient. In
implementation, it is usually omitted. Define the implementation actor objective

Tae (03 w) = — Zq Si, 19 (Si), w) . (36)
Thus, .
Tacton(050) = (1 =) Juctor (6: w), (37)
and consequently
B
Voo (6 Z 0k9(Si) Vad(Sis @, w)| 0y (s0) - (38)

3.1 Automatic Differentiation
For each sampled state, the computational graph is
0 — po(Si) — G (Si, po(Si), w) .
With w fixed during the actor update, backpropagation through this graph automatically com-

putes

v0M0<Sz) vad(sh a, w)‘a:p,g(si) :

Hence, the policy Jacobian and action-value gradient do not need to be formed and multiplied ex-
plicitly; automatic differentiation produces the deterministic policy-gradient update directly.



4 From DPG to Deep Deterministic Policy Gradient

The deterministic policy gradient theorem specifies how to update the policy once a differentiable
approximation

q(s,a,w) = Q" (s,a)
is available. It does not specify how this approximation should be learned.

A complete model-free algorithm must therefore learn the state-action value function from envi-

ronment transitions
(St, Aty Riyr, Segr)-

A second issue is exploration. Since
At = pp(St)

is deterministic, the policy itself does not generate exploratory actions. An exploratory behaviour
policy is therefore used during data collection, for example

A = MG(St) + &¢. (39)

Deep Deterministic Policy Gradient combines these ingredients with

deterministic actor: po(s),

state-action value approximator: (s, a,w),
exploratory behaviour policy, (40)
experience replay,

target networks.

The resulting actor—critic algorithm, including the learning rule for ¢(s,a,w), off-policy replay-
buffer training, and target-network updates, is developed in the following DDPG report.
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