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1 Deep Deterministic Policy Gradient

Deep Q-Networks extend Q-learning to large state spaces using nonlinear function approxima-
tion, experience replay, and target networks. However, DQN is restricted to finite, relatively low-
dimensional action spaces because its Bellman optimality target requires

A~ /] —
max 4(Sty1,d',w).

For a continuous action space
ACR™,

this maximization becomes a continuous optimization problem that would have to be solved re-
peatedly during action selection and Bellman backups. Discretizing the action space is generally
impractical in high dimensions because the number of discrete actions grows exponentially with
the action dimension.

Deep Deterministic Policy Gradient (DDPG) addresses this problem by combining the deterministic
policy gradient with the stabilization mechanisms introduced by DQN. DDPG is a model-free, off-
policy actor—critic algorithm for continuous action spaces.

The actor is a deterministic policy
MG:S%Aa A:/J“G(S)7

which directly produces a continuous action. The critic is a parameterized action-value func-
tion
q(s, a,w) = Q" (s,a)

that evaluates actions under the current deterministic policy.

The actor therefore replaces the explicit continuous-action maximization that would otherwise be
required by Q-learning:
argmax §(s,a,w) —  pug(s).
acA

The actor is improved using the deterministic policy gradient, while the critic is learned off-policy
from transitions stored in an experience replay buffer. As in DQN, target networks are used to
stabilize the bootstrapped critic targets; because the critic target depends on the next action as
well as its value, DDPG maintains both a target actor and a target critic.

Thus, DDPG can be viewed as combining

Deterministic Policy Gradient + DQN stabilization machinery

to obtain a deep, off-policy actor—critic method for continuous control.

1.1 Critic Update

For the deterministic policy
A:MG(S), /J’G:S_>~’47

the critic approximates its state-action value function,

q(s, a,w) = Q" (s,a).



For a stochastic policy 7, the action-value function satisfies the Bellman expectation equation
Q" (s,a) = E(5t+1,Rt+1)~p(w'\s,a) [Rt'H + ’Y]EAt+1N7"('|St+1) (@ (St41, At+1)]] : (1)

For the deterministic policy g,
Avy1 = po(Se+1),

so the inner expectation disappears:

Q" (s,a) = E(5,, 1 Re1)mp(-rlsia) [Be1 + 7Q" (Str1, p19(St1))] - (2)

The expectation is taken with respect to the environment dynamics alone. This means that it is
possible to learn Q"¢ off-policy, using transitions which are generated from a different stochastic
behaviour policy .

For a sampled transition
(Si, Aiy Rit1, Sit1),

the corresponding one-step bootstrapped target is

‘Yi = Rit1+7G (Sit1, po(Sit1),w) . ‘ (3)

For a replay mini-batch
B = {(Si, A, Rit1, Sit1)}1., ~ Uniform(D),

the critic is trained by minimizing

1 B
ECrith ﬁ _1 —q Sz: A, w)] (4)
The critic parameters are updated by
B
we w2 Z Q(Si, Aiy w)] Vud(Si, Aiyw). (5)

Here Y; is treated as constant during the update.

1.2 Actor Update

From the deterministic policy gradient report, the local actor surrogate for the current policy polq
is

Jactor (0, eold) =

1 ’Y}ES,\,dHolva [Q”"ld (57 ug(S))] . (6)

At 0 = 0,4, the gradient of this surrogate is exactly the deterministic policy gradient.

DDPG makes two practical replacements. The on-policy discounted state-visitation distribution is
replaced by the state distribution induced by the behaviour policy,

dﬂoldvp — pﬁ7



where p? denotes the replay-state distribution induced by the behaviour policies used to collect the
stored experience. The true action-value function is replaced by the learned critic,

QF(s,a) — (s, a,w).

Dropping the positive constant 1/(1 — ), the DDPG actor objective is therefore

Jactor(e; w) = ESNpﬁ [ﬂf (Sa MQ(S)a w)] . (7)

This is an off-policy approximation to the actor surrogate derived above: the state distribution is
changed from dte1a? to p?, and QMo is approximated by the critic.

During the actor update, w is held fixed, giving

VoJactor (0 w) = Eg.. 6 {Vaua(s) Vad(S, a, w)|q—yy(s)| - (8)

Using the same replay mini-batch B, the objective is estimated by

B
Jactor 9 w Z Sz,ue ) ) (9)

with gradient

v0<]act0r 9 w Z VGMG aQ(Sia a, w)|a:ug(5i) . (10)

The actor parameters are updated by gradient ascent,

0 < 0 + Vo Jactor (0; w). (1)

In implementation, automatic differentiation computes this gradient directly through
0 — po(Si) — 4 (Si, po(Si), w),

with the critic parameters held fixed.

1.3 Target Networks

The critic target above,
Yi = Ritv1 +79G (Sit1, to(Siv1),w)

depends on both learned networks. Updating w changes the value assigned to the next state-action
pair, while updating 6 changes the next action at which that value is evaluated. The regression
targets can therefore change rapidly as learning proceeds.

As in DQN, DDPG stabilizes the bootstrapped targets using slowly moving target networks. Be-
cause the target depends on both the next action and its value, DDPG maintains a target actor
and a target critic,



The critic target is then

Yi = Riv1 4+ 74 (Sit1, 1g(Si+1), 0) - ‘ (12)

The online actor and critic may change at every learning step, while the functions used to construct
Y; change much more slowly. The target parameters track their online counterparts through Polyak
averaging:

w4+ Tw ~+ (1 — 7)w, 0«70+ (1-1)0, 0<7Tx1. (13)

1.4 Exploration Policy

The deterministic actor
A= Me(st)

does not provide exploration by itself. Since DDPG is off-policy, the behaviour policy used to
collect experience may differ from the deterministic policy being learned.

DDPG therefore adds exploration noise to the actor output:

| Av = p1o(S1) + N | (14)

The resulting transition
(St, Aty Re1, St+1)

is stored in the replay buffer. Thus the behaviour policy generates the data, while the actor update
itself uses the deterministic action

1o(Si)-

In the original DDPG experiments, temporally correlated Ornstein—Uhlenbeck noise was used for
physical control tasks, although the algorithm is not tied to this particular noise process.

1.5 DDPG Algorithm

The critic update, actor update, target networks, and exploration policy now combine into the
complete DDPG learning procedure.

At each environment step, the deterministic actor is perturbed by exploration noise,
At = pg(Se) + M,

and the resulting transition
(St7 Atv Rt—i—l, St—i—l)

is appended to the replay buffer D.

A mini-batch of transitions is then sampled uniformly from D. The target actor and target critic
construct the bootstrapped critic targets; the online critic is fitted to those targets; the online
actor is improved through the online critic using the deterministic policy gradient; and both target
networks are finally moved toward their online counterparts by Polyak averaging.

Thus each learning step follows

collect — replay — critic update — actor update — target update.




Figure [T] shows this procedure as the temporal training loop. Figure 2] shows the same algorithm
from the computation perspective, separating the target-network path used for critic regression
from the online actor—critic path used for policy improvement.

Initialize online actor 6 and online critic w, target copies
0 < 0, w < w, replay buffer D < &.
Mx  for episode =1,..., M
> Initialize a noise process A for exploration; receive initial
state Sy.

Tx fort=1,...,T

> 1. Select A; = pe(S:) + Ny, execute it, observe

(St41,Riy1), and append (S, As, Riq1, Sey1) replay
to D. buffer D

2. Sample a mini-batch
sample mini-batch

B = {(Si, Ai, Riy1, Siv1)} 2| ~ Uniform(D).

store transition

3. Compute targets from the target actor and critic:

Y, = Ri+1 +y (j(5¢+1, ,Ug(SiJrl), ﬁ)) . slowly track the online networks
4. Update the online critic: VEEHE G Gzl @i
Ko Q(v ) ’LU)
o B A
w(—w—l-?q;[)@—tj(Si,Ai,w)] Vwd(Si, Agyw). T T

5. Update the online actor, with w held fixed:

online actor online critic
Ko d(a ) ’LU)

B . .
a R receive every gradient step
00+ > " Voro(Si) Vad(Si,a,w)|

i=1

a=pe(S;i)’

6. Update the target networks:

— W <+ 1w+ (1 — 7)w, 0« 70+ (1—71)0.

Figure 1: The DDPG training loop. At each environment step, the online actor selects a continuous
action with added exploration noise and stores the resulting transition in the replay buffer. A mini-
batch is then sampled to update the online critic from target-network Bellman targets and to update
the online actor through the critic. Finally, the target actor and target critic are moved slowly
toward their online counterparts by Polyak averaging. This cycle repeats throughout training.
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Figure 2: DDPG as two computation paths driven by replayed transitions. The target path (top)
uses S;11, the target actor, and the target critic to construct the bootstrapped critic target Y;. The
online critic is then trained to match this target using the replayed pair (S;, 4;). The actor path
(bottom) uses S;, the online actor, and the online critic to maximize §(.S;, pg(S;), w), with the critic
parameters held fixed. The target actor and target critic slowly track their online counterparts by
Polyak averaging, while the noisy online actor generates new experience for the replay buffer.
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