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1 Maximum Estimation and Maximization Bias

Proposition 1.1. Let X1,..., X,, be integrable random variables. Then

E [ max XZ} > max E[X;]|

1<i<m 1<i<m

Proof. For every i € {1,...,m},
max Xj > Xz
1<j<m

Taking expectations,

E[max Xj]ZE[XZ-], i=1,...,m.
1<j<m

Since this inequality holds for every i,

E [ max XZ} > max E[X;].
1<i<m 1<i<m

1.1 Example: Estimating the Maximum of Two Population Means
Consider two mutually independent random samples
Lid. iid.
Xl,17"')X1,N1’1\J (,LL]_,O'%), X2,17"'7X2,N11'\‘ N(M2)03)7

where the population means y; and p2 are unknown and 0%, o3 > 0.

The unknown quantity of interest is

Mmax = max{ul, MQ}

Define the sample means
1 & 1 &
X1 ::N;Xl,ja X :NZX?J-
j:

Their sampling distributions are

X1 ~N U—% Xo~ N U—%
1 M1, N ) 2 M, N .

Therefore,

EX1] = p1,  E[Xa] = po,
so both sample means are unbiased estimators of their corresponding population means.

A natural estimator of pimax 18
Hmax := max{ X1, Xo}.



Applying the proposition,

E[ﬁmax] =K [max{yl,YQ}]
max {E[yl] y E[Yg] }
= max{pu1, iz}

Hmax-

AV

Hence,

‘Bias<ﬁmax) = E[ﬁmax] — Pmax = 0 ‘

Thus, although X; and X are individually unbiased, their maximum is an upward-biased estimator
of the maximum population mean. Because the two sample means are independent, nondegenerate
normal random variables, their distributions overlap, and the inequality is strict for every finite
N:

E[,amax] > Mmax-

The expectation E[fimax] represents the average estimate over repeated realizations of the experi-
ment. Thus, positive bias means that the estimator is greater than the true unknown value pimax
on average; an individual realization may still lie either above or below piyax.

2 Maximization Bias in Q-Learning

Q-learning approximates the Bellman optimality backup using both a sampled environment tran-
sition and estimated action values. These introduce two different sources of randomness. We first
show that sampling the environment transition alone does not introduce maximization bias, and
then isolate the bias that appears when the maximum is taken over estimated action values.

2.1 Bellman Optimality Backup

The optimal state-action value function satisfies

Q" (s,a) = E(Sei1,Rer1)~p(rlsa) | B1 + ’Ygr}gﬁ Q" (St11,d')| - (1)

Suppose for the moment that @Q* is known exactly. From one sampled environment transition

(St+1, Ret1),
define the sampled Bellman target

Y = Ry +ymax Q" (Se41, d). (2)
Conditioned on Sy = s and A; = a,
E[Y | S; =5, At = a] = E(s,.1 Riyr)mp(-fsia) |Riv1 + v max Q*(Sys1,a")
= Q(s,a). 3)

Thus Y is an unbiased one-sample estimate of the Bellman optimality backup. Sampling the
environment introduces variability in the target, but not maximization bias: for every realized next
state, the quantities Q*(Sy+1,a’) being maximized are assumed to be known exactly.



2.2 Maximization over Estimated Action Values

In Q-learning, the optimal action values are not known exactly and must instead be estimated. To
isolate the effect of this estimation error, fix one realized environment transition

(Stt1, Reg1) = (5, 7).

The next state s’ and immediate reward r are now fixed; the remaining randomness comes from
the estimated action values.

Let the finite action space be

A=A{a,...,an}.

For the fixed state s’, suppose that each R
Q(S/7 (Ii)

is an unbiased estimator of the corresponding optimal action value:
E [Q(S/a ai)} = Q" (s, a;), t1=1,...,m.

This assumption isolates the effect of maximization: even if the individual action-value estimates
are unbiased, taking their maximum can introduce positive bias. No independence among the
estimators is required.

Q-learning estimates the optimal value at s’ using

~,
max Qs a;).

Applying the maximization result from the preceding section,

E [ max @\(s/,ai)] > max E[Q(s, a)]

1<i<m 1<i<m
_ w(
= max Q (s',a;). (4)
Hence,
E [max @(s’,a’)] > max Q*(s',d’). (5)
a’cA a’eA

For the same fixed transition (s’,r), the estimated Q-learning target is

Y =r+ymaxQ(s,d),
a’c€A

and therefore

E [f’ | Spp1 =8 Ry =r| >r —i—’ymai( Q*(s',d). (6)
a'e

Thus the upward bias is not caused by sampling the environment transition. It appears when Q-
learning maximizes over noisy estimates of the action values, even when each estimate is individually
unbiased.



3 Double Deep Q-Network

The maximization bias derived above arises because Q-learning uses the same action-value estimates
both to select the maximizing action and to evaluate the value of that action.

To make these two roles explicit, the Q-learning target can be written as

af = argmax Q\(Si—l-la a,)a
a’c€A

followed by R
Y = Rit1 +vQ(Si1, a;).

The action a; is therefore selected because its estimated value is the largest. When the estimates
contain error, actions with positive estimation errors are more likely to win this maximization.
Evaluating the selected action with the same estimates then preserves that optimistic error in the
target.

The central idea of Double Q-learning is to separate these two operations. Suppose two action-value
estimators are available,

@A(s,a), @B(s, a).

One estimator is used to select the greedy action,

a; = argmax Q*(Si41,d'),
a’eA

while the second estimator is used to evaluate that selected action,

Yi=Rit1 + ’Y@B(Sz‘ﬂv a;).

The estimator that selects the action may still select an action because of a positive estimation
error, but that same error is no longer automatically used to evaluate the action. This decoupling
reduces the positive maximization bias caused by using the same estimates for both selection and
evaluation.

In the original Double Q-learning algorithm, two value functions are learned and their selection
and evaluation roles are exchanged symmetrically across updates. DQN already maintains two sets
of parameters: the online network w and the target network w. Double DQN therefore adapts the
Double Q-learning idea without introducing another pair of networks.

DQN uses the target network for both action selection and action evaluation:

a; = arg nzaxcj(SiH,a’,w), Y = Riv1 +7vG(Sit1,a;,0).
a'e

Double DQN instead uses the online network to select the maximizing action,

al = argmax §(S;11,ad’,w), (7)
a’eA

and the target network to evaluate it,

Y; - R’H—l + Fy(j(Si-‘rl? a?? ’U_]) ‘ (8)




Thus,

‘DQN: selection with w, evaluation with w ‘

is replaced by

‘Double DQN: selection with w, evaluation with w. ‘

All remaining components of DQN—experience replay, online-network regression, the behaviour
policy, and target-network refresh—remain unchanged.

Initialize online parameters w, target parameters w < w,
M x replay buffer D + @.
—> form=1,... M

W= w (Tef resh the targ et) store transition

Kx fork=1,...,.K
ﬂ /‘\

Sample At ~ Wb,t(' | St), then (St+1,Rt+1) ~ p(, . |
St, Ap), and append (Sy, At, Rit1, St+1) to D, evicting replay
the oldest transition if |D| > C. buffer D

foru=1,...,.U
— 1. Sample a mini-batch sample mini-batch

Bt = {(SZ, Ai, RZ‘+1, SiJrl)}ZB:l ~ Uniform(D).

2. Select the maximizing action with the online target Q-network
network: [ q(-, -, ) ]
A
a; = argmax §(S;y1,a’,w). refresh
a’eA

[online Q—network]

Evaluate that action with the target network: qc, - w)

Yi — Ri+1 + ’YQ(Sz’—H; a;" w) gradient steps

3. Update the online network:

B
« 2: ~ A
we w+§ i=1 D/; - q(S’M A“’U})] qu(s“ A“w).

Figure 1: Double DQN retains the same generalized Q-learning structure as DQN, with only the
bootstrapped target changed: the online network selects the maximizing action, while the target
network evaluates it.
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